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The fully quantized model of double qubits coupled to a common bath is solved us-
ing the quantum state diffusion (QSD) approach in the non-Markovian regime. We
have established the explicit time-local non-Markovian QSD equations for the two-qubit
dissipative and dephasing models. Diffusive quantum trajectories are applied to the en-
tanglement estimation of two-qubit systems in a non-Markovian regime. In both cases,
non-Markovian features of entanglement evolution are revealed through quantum diffu-
sive unravellings in the system state space.
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1 Introduction
Many important realizations in quantum information, such as quantum computing, quantum
communication and quantum cryptography, rely on the control and generation of entangle-
ment [1]. However, the true question arises in how to measure or compute the entanglement of
a quantum system in order to effectively use that information in application. For a quantum
open system [2, 3, 4, 5, 6], described by a reduced density matrix, most definitions of entangle-
ment pertain to a property of an ensemble, such as entanglement of formation [7], E(ρ), and
concurrence [8], C(ρ). However for possible applications in quantum information processing,
the preparation of and measurement on a desired density matrix of an entangled state, mixed
or pure, would be quite cumbersome. A more approachable method for theoretical analysis
would be to take advantage of the statistical nature of the quantum system and average over
many realizations of a single system in order to infer information about the entanglement of
aCorresponding author: junjing@jlu.edu.cn.
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the ensemble. Recently, entanglement unravellings in the Markov regime have been proposed
in [9, 10, 11]. In experiment, single quantum trajectory of a superconducting qubit has been
observed by fully control over its environment [12]. For a general non-Markovian quantum
open system [13, 14, 15, 16, 17, 18], such a pure state approach is particularly useful for the
numerical simulation of the tracking of entanglement information, which is known to be a
hard problem due to the lack of a computable entanglement measure and a viable and exact
non-Markovian master equation [19, 20, 21, 22, 23, 24, 25, 26].
In this paper, our research serves as a first example of the efficient estimation of entan-
glement evolution in non-Markovian regimes without using the system density matrix. We
derive the exact quantum state diffusion equation for a pure state to estimate the entangle-
ment evolution of a two-qubit system coupled to a bosonic heat bath at zero temperature
[27, 28, 29, 30, 31, 32, 33, 34]. For a general multi-qubit system [35], employing quantum tra-
jectories over density matrices becomes enormously advantageous in terms of computational
resource. As will be shown in the following, the entanglement computed from trajectories
generally provides useful information about the status of the actual entanglement described
by the system density matrix. For some initial states, the trajectory entanglement gives an
identical estimation of the system entanglement.
Our paper is structured in the following way. In Sec. 2, we derive the nonlinear non-
Markovian QSD equation with a general qubit-environment interaction. Here the notions
of mean entanglement trajectories and its estimation of the actual entanglement measure
are also outlined. Secs. 3 and 4 are dedicated to the dissipative and dephasing models,
respectively. The mean entanglement trajectories are compared over various parameters such
that the optimal conditions for entanglement are also presented. In Sec. 5, we conclude the
whole paper. The rigorous derivations is left to the Appendices.
2 Non-Markovian QSD Equation for Two-Qubit Systems
We present a fully quantized model of two uncoupled qubits with respective transition frequen-
cies ωA and ωB that are coupled to a common zero-temperature heat bath via the interaction
Hamiltonian,
Hint =
∑
λ
[g∗λ(LA + κLB)a
†
λ + gλ(L
†
A + κL
†
B)aλ], (1)
where LA and LB are Lindblad operators describing the interaction of the qubits A and B
with the heat bath, respectively, and κ (0 ≤ κ ≤ 1) is the control parameter that describes
the ratio of the qubits’ coupling strengths. The formal linear QSD equation [27] describing
the dynamics of the quantum state of the qubits, ψt = ψt(x
∗), is given by
∂ψt
∂t
= −iHsysψt + Lx∗tψt − L†
∫ t
0
dsM [xtx
∗
s ]
δψt
δx∗s
, (2)
where the system Hamiltonian is Hsys =
ωA
2 σ
A
z +
ωB
2 σ
B
z and the Lindblad operator is L =
LA+κLB. The Gaussian process x
∗
t satisfiesM [x
∗
t ] = 0,M [x
∗
tx
∗
s ] = 0 and the bath correlation
function
M [xtx
∗
s ] =
∑
λ
|gλ|2e−iωλ(t−s) ≡ α(t, s), (3)
where M [·] denotes the statistical mean over the noise. The solution to the QSD equation
(2), ψt, recovers the reduced density matrix of the qubit system: ρt =M [|ψt〉〈ψt|]. Central to
Author(s) . . . 3
the application of the QSD equation is to replace the functional derivative with a time-local
operator, termed as the O-operator, such that
δψt
δx∗s
= Oˆ(t, s, x∗)ψt, (4)
with initial condition Oˆ(t = s, s, x∗) = L. In principle, the existence of the O-operator can be
seen from the stochastic propagator, |ψt(x∗)〉 = G(t, x∗)|ψ0〉 (See Appendix A), but in practice
it is difficult to find the explicit O-operator. For the specific two-qubit model presented in
this paper, an exact equation for the O-operator is derived upon satisfying the consistency
condition [27]:
δ
δx∗s
(
∂ψt
∂t
)
=
∂
∂t
(
δψt
δx∗s
)
. (5)
With the initial condition, it ensures that ψt is a single-valued function and thus establishes
a solvable QSD equation.
We explore the non-Markovian regime by modeling the bath correlation function as an
Ornstein-Uhlenbeck process such that α(t, s) = γ2 e
−γ|t−s|. This continuous random process
drifts toward a stationary long-term mean and is useful for viewing various memory effects via
the parameter γ, which describes the rate at which noise that is progressing in time t becomes
less and less correlated to its value at a particular past time s. As γ grows very large and the
correlation time τc =
1
γ
becomes very short, we will view the transition from non-Markovian
to Markovian regimes and find that certain features are lost under the Markov approximation
[36, 37, 38, 39].
We investigate two mechanisms of qubit decoherence: dissipation and pure phase relax-
ation of the quantum state, both being great challenges to maintaining robust entanglement.
In both cases, we have derived the exact time-local O-operators, allowing us to efficiently
solve the nonlinear QSD equation [27], which robustly preserves the norm of the qubit state
vector throughout every trajectory, a facet not exhibited by the linear equation [28]. The
dynamics of the normalized quantum state of the qubits, ψ˜t =
ψt
||ψt|| , is presented as [27]:
dψ˜t
dt
= −iHsysψ˜t + (L − 〈L〉t)x˜∗t ψ˜t
−
∫ t
0
dsα(t, s)[(L† − 〈L†〉t)Oˆ(t, s, x˜∗)
− 〈(L† − 〈L†〉t)Oˆ(t, s, x˜∗)〉t]ψ˜t, (6)
where 〈A〉t = 〈ψ˜t|A|ψ˜t〉 is the quantum expectation value of operator A and x˜∗t = x∗t +∫ t
0
dsα∗(t, s)〈L†〉s is the shifted noise. Solving the stochastic differential equation above for a
particular realization of the Gaussian random noise reveals a single unraveling of the quantum
system evolution, allowing one to calculate a single entanglement trajectory by C(ψt) =
|〈ψ˜t|σAy ⊗ σBy |ψ˜∗t 〉|. After a large number of realizations are produced, we take the mean
over all concurrence trajectories, Cψ ≡M [C(ψt)], and obtain a value that is pertinent to the
entanglement of the ensemble system. In this way, we can efficiently compute the approximate
entanglement of a quantum open system without invoking the explicit form of the density
matrix. The actual entanglement represented by the density matrix can be calculated through
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concurrence [8]
C(ρ) = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
, (7)
where λi (i = 1, 2, 3, 4) are the eigenvalues of the matrix ̺ = ρ(σ
A
y ⊗ σBy )ρ∗(σAy ⊗ σBy ) in
descending order. Upon direct comparison, it is clear that Cψ must be greater than or
equivalent to the true entanglement C(ρ) due to the concavity of the concurrence calculation
[8, 23]. Therefore, Cψ can be used as an upper bound of the actual entanglement, such that
if Cψ ≈ 0 then C(ρ) ≈ 0. In fact, as shown below, Cψ provides an perfect estimation of the
actual entanglement for some initial states. Above all, the calculation of Cψ is much simpler
than that of C(ρ), especially for systems consisting of a large number of qubits or qudits,
where a good entanglement definition of mixed states is not available now. This pronounces
Cψ to be a good indicator for the actual behavior of the entanglement and will be explored
in the upcoming models.
3 Dissipative Model
A dissipative interaction, which causes the quantum state to lose energy as well as coherence,
is denoted by the Lindblad operators LA = σ
A
− and LB = σ
B
− such that L = σA−+κσB− . By the
consistency condition of Eq. (5), we find the exact operator O¯(t, x∗) ≡ ∫ t0 dsα(t, s)Oˆ(t, s, x∗)
to be
O¯(t, x∗) = A(t)σA− +B(t)σB− + F (t)σAz σB− +G(t)σBz σA−
+ i
[∫ t
0
ds′P (t, s′)x∗s′
]
σA−σ
B
− , (8)
which is valid for an arbitrary bath correlation function. By imposing the Ornstein-Uhlenbeck
bath correlation function, we derive (See Appendix B) a set of differential equations for the
coefficients of the O¯ operator:
dtA(t) = −γA(t) + γ
2
+ iωAA(t) +A
2(t)
+ 2κF (t)G(t) +G2(t)− κ
2
iQ(t),
dtB(t) = −γB(t) + γκ
2
+ iωBB(t) + κB
2(t)
+ 2F (t)G(t) + κF 2(t)− 1
2
iQ(t),
dtF (t) = −γF (t) + iωBF (t) + F (t)[A(t) +G(t)]
+ B(t)[G(t) −A(t)] + 2κB(t)F (t)− 1
2
iQ(t),
dtG(t) = −γG(t) + iωAG(t) + κF (t)[A(t) +G(t)]
+ κB(t)[G(t) −A(t)] + 2A(t)G(t) − κ
2
iQ(t),
dtQ(t) = −2γQ(t) + i(ωA + ωB)Q(t)
+ 2[A(t) + κB(t)]Q(t)− iγ[F (t) + κG(t)] (9)
together with the explicit solution
P (t, s′) = −2i[F (s′) + κG(s′)] exp
{∫ t
s′
ds[−γ + iωA
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+ iωB + 2A(s) + 2κB(s)]
}
(10)
and initial conditions A(0) = B(0) = F (0) = G(0) = Q(0) = 0. It should be noted that when
κ = 1 and ωA = ωB, A(t) = B(t) and F (t) = G(t), representing a highly symmetrical setup
where qubit A and B are interchangeable. Throughout the rest of the paper, we will assume
ωA = ωB = ω.
Knowledge of the exact equations for the O-operator allows us to solve the nonlinear QSD
Equation for various unravelings of the time evolution of the qubits initially in the maximally
entangled Bell States, |Ψ±〉 = 1√
2
(| ↑↑〉 ± | ↓↓〉) for qubits with correlated spins and |Φ±〉 =
1√
2
(| ↑↓〉 ± | ↓↑〉) for qubits with anti-correlated spins. In the interest of direct comparison to
the exact case, we have derived the O¯ operator in the Post-Markov approximation to be
O¯PM = [f0(t) + iωf1(t)]L − f2(t)(σAz + κ2σBz )L, (11)
where f0(t) =
∫ t
0 α(t, s)ds, f1(t) =
∫ t
0 α(t, s)(t − s)ds, and f2(t) =
∫ t
0
∫ s
0 α(t, s)α(s, u)(t −
s)duds [39].
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Fig. 1. Dissipative Model: The exact Cψ is compared to ensemble calculations in the non-
Markovian regime, C(ρ), and trajectory methods under the Post-Markov approximation, CPM (ψ)
with κ = 1 and γ = 0.3 for (a) |ψ0〉 = |Ψ+〉 and (b) |ψ0〉 = |Φ+〉.
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Fig. 2. Dissipative Model: The exact Cψ is compared to ensemble calculations in the non-
Markovian regime, C(ρ) with κ = 1 and γ = 0.3 for |ψ0〉 = (1/
√
15)(| ↑↑〉+2| ↑↓〉+3| ↓↑〉+ | ↓↓〉).
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Fig. 3. Dissipative Model: For |ψ0〉 = |Ψ+〉, Cψ over 1000 realizations is compared over (a) various
values of κ for fixed γ = 0.3 and (b) various values of γ for fixed κ = 1.
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Fig. 4. Dissipative Model: For |ψ0〉 = |Φ+〉, Cψ is compared over (a) various values of κ for fixed
γ = 0.3 for long times and (b) various values of γ for fixed κ = 0.25.
The entanglement computed from the exact mean trajectory method, Cψ is compared
to that under the Post-Markov approximation, CPM (ψ), as well as the entanglement of the
ensemble, C(ρ), in Fig. 1. For both initial states, |Ψ+〉 in (a) and |Φ+〉 in (b), the actual
entanglement C(ρ) displays the repeated revival and decay of entanglement known to the
two-qubit model [40, 41, 42], and solved exactly here and in Ref. [43]. These trends are
exhibited by the exact mean entanglement trajectory Cψ, whereas in contrast, applying the
Post-Markov approximation removes all revival features of the curve. This figure demonstrates
the dependence of the theory on the initial qubit state, where |Φ+〉 provides a much closer
approximation than |Ψ+〉. This exactness in the entanglement estimation relies on the initial
states. In Fig. 2, we starts from the state |ψ0〉 = (1/
√
15)(| ↑↑〉+2| ↑↓〉+3| ↓↑〉+ | ↓↓〉), which
could be considered as an extrapolation of the previous two kinds of Bell states. It is shown
that during 0 ≤ ωt < 2, Cψ is perfectly the same as C(ρ). Also it captures all the oscillations
during the time evolution afterwards.
Therefore in any case, Cψ acts as an upper-bound for the exact entanglement C(ρ), giving
valuable information about the general trends of the entanglement evolution, such as the
regeneration of entanglement due to the common bath and memory effect of the environment.
Upon taking a closer look at Cψ for various coupling strengths and correlation times in Figs. 3
and 4, many interesting attributes of this model are revealed and the optimal conditions for
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entanglement are discussed.
For initial state |ψ0〉 = |Ψ+〉, Fig. 3(a) highlights the significant revival feature of the
equal couplings case, κ = 1, which shrinks as we decrease the coupling strength of qubit B.
However, for this model, the asymmetry of the coupling constants causes the entanglement to
decay at a much slower rate and also maintains the qubits in a higher level of entanglement
for a significant period of time. This is also due to the memory effects of the non-Markovian
environment with γ = 0.3, which generally allows the entanglement to remain non-zero for
an extended time. In Fig. 3(b), the mean entanglement trajectory is compared over various
correlation times for the case of qubits with symmetrical coupling, capturing the transition
from non-Markovian to Markovian regimes as γ becomes large. It is clearly shown that the
revival peak of the entanglement grows as we tend toward non-Markovian conditions and
eventually oscillates very close to an entangled state that will not decay, allowing one to
maintain a highly entangled state over a long period of time when large memory effects are
present. The importance of non-Markovian environments becomes apparent in comparison to
the Markovian case, γ = 5, where the qubits are plagued with a swift decoherence and have
no chance to be re-entangled.
In Fig. 4(a) we look at long time entanglement evolution from initial state |Φ+〉 for various
values of κ and fixed γ = 0.3 where many revival peaks are witnessed. Similar to the previous
case of initial state |Ψ+〉, tall revival peaks are displayed for symmetrical couplings, however
they come at the expense of a faster disentanglement. Once again, the κ = 0 case reveals a
much slower entanglement decay and remains non-zero even for long times. Comparing the
effects of memory on the entanglement dynamics, Fig. 4(b) again demonstrates that a very
long correlation time allows the quantum state to remain highly entangled for extended times.
An interesting difference for this initial state is that even for fairly large γ = 5, the rebirth of
entanglement is still a dominant feature.
4 Dephasing Model
As another important case, we consider a dephasing type of interaction, which provides an
example of pure decoherence with energy conservation. Described by the two Lindblad oper-
ators LA = σ
A
z and LB = σ
B
z , the consistency conditions of Eq. (5) result in the exact and
noise-free O-operator Oˆ(t, s) = L = σAz +κσBz due to [Hsys,L] = 0 and L† = L. Applying the
Ornstein-Uhlenbeck bath correlation function then results in the noise-independent time-local
operator O¯(t) = 12 (1− eγ|t|)(σAz +κσBz ) that facilitates a solution to the exact non-Markovian
QSD equation. The mean entanglement trajectories for the dephasing model are plotted in
Figs. (5) and (6).
In Fig. 5(a), the dotted curve, κ = 0, represents the scenario of qubit A interacting with
the heat bath while qubit B is a free particle. As is expected of the single-qubit dephasing
channel [22], the entanglement of the qubits asymptotically decays to zero. Moreover, as we
introduce the interaction of qubit B to the environment through κ 6= 0, the disentanglement
rate between the qubits only increases and causes a faster death of entanglement. In Fig. 5(b),
the very non-Markovian case, γ = 0.01, where the memory of the system extends much further
into the past, reveals the preservation of high level entanglement for a considerable length of
time. In the limit as γ approaches 0 one would expect entanglement to be sustained at the
maximum value eternally. As we shorten the memory of the system in the Markov regime,
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Fig. 5. Dephasing Model: For |ψ0〉 = |Ψ±〉, Cψ over 1000 realizations is compared over (a) various
values of κ for fixed γ = 1 and (b) various values of γ for fixed κ = 1.
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Fig. 6. Dephasing Model: For |ψ0〉 = |Φ±〉, Cψ is compared over (a) various values of κ for fixed
γ = 1 and (b) various values of γ for fixed κ = 0.25.
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Fig. 7. Dephasing Model: The exact Cψ is compared to ensemble calculations in the non-
Markovian regime, C(ρ) with κ = 1 and γ = 0.01 for |ψ0〉 = (1/
√
22)(2| ↑↑〉+ | ↑↓〉+ | ↓↑〉+4| ↓↓〉).
the entanglement curves reveal a steeper and steeper descent toward zero entanglement.
The same analysis was applied to qubits with initial state |Φ±〉 and shown in Fig. 6. In
Fig. 6(a) we immediately see that, when the coupling constants of the qubits to the heat bath
are equal, κ = 1, then the initially entangled state is protected due to the symmetry between
the two qubits. When the qubits are not coupled to the modes of the heat bath in exactly the
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same way, κ 6= 1, the entanglement will eventually decay to zero. Similar to the dissipative
model, Fig. 6(b) displays the prolonged entanglement of the qubits in the non-Markovian
case, γ = 0.01, and the faster disentanglement rate of the Markov approximation, γ = 5.
We also compare Cψ and C(ρ) in the dephasing case. In Fig. 7, the initial state is chosen
beyond |Φ±〉 and |Ψ±〉 and the dynamics is computed in a very non-Markovian regime. Cψ
also shows a good estimation over the actual entanglement. Since in the dephasing dynamics
caused by the Ornstein-Uhlenbeck bath, there is no chance for the entanglement to get revival
so that the estimation seems to be not as perfect as that in the dissipation dynamics.
5 Conclusion
We have shown that the dynamical entanglement of a non-Markovian open system can be
efficiently estimated by employing exact quantum diffusive trajectories. In particular, we have
shown that the entanglement dynamics of the system are very sensitive to which initial state
the qubits evolved from, how the qubits are coupled to the heat bath, and the correlation time
of the environment. We emphasized that under the Markov approximation, the entanglement
for both sets of Bell states was characterized by fast disentanglement and suppressed revival
features; whereas in the non-Markovian regime, large revivals were witnessed and for an exten-
sively long correlation time, the qubits remained nearly maximally entangled for long times.
We demonstrate that the optimal conditions for maintaining a high level of entanglement for
long periods of time are the symmetric coupling strengths of the qubits to the environment
and for the autocorrelation time of the environment to be very long. This again emphasizes
the importance of memory effects on the dynamics of a quantum open system. The trajectory
estimation provides a good upper-bound (perfect for special initial states) entanglement for
the system and it would be more meaningful for a higher dimensional system.
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Appendix A
Existence of the O-operator
In this paper, Eq. (2) [44, 27] describes the dynamics of the pure quantum state ψt under
the influence of the complex stochastic Gaussian process x∗t . The formal linear QSD equation
becomes non-local because of the functional derivative with respect to noise, so the time-
local non-Markovian QSD equation cannot be derived if the functional derivative cannot be
replaced with a linear operator acting on the state vector ψt. In many physically interesting
models [29, 28, 45, 46, 47, 48, 49], the functional derivative has been replaced by a linear
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operator, termed the O-operator, as shown in Eq. (4). Then Eq. (2) turns out to be:
∂ψt
∂t
= −iHsysψt + Lx∗tψt − L†
∫ t
0
dsα(t, s)O(t, s, x∗s)ψt, (A.1)
where the relation in Eq. (3) has been used. The existence of the O-operator can be seen
from the linear propagator Gˆ for Eq. (2), where ψt ≡ ψt(x∗) = Gˆ(t, x∗)ψ0 [50]. Consequently,
δψt(x
∗)
δx∗s
=
[
δ
δx∗s
Gˆ(t, x∗)
]
ψ0 =
(
δ
δx∗s
Gˆ
)
Gˆ−1ψt(x∗) = Oˆ(t, s, x∗)ψt(x∗).
By the consistency condition in Eq. (5), one gets the equation of motion for the O-operator:
∂Oˆ(t, s, x∗)
∂t
= [−iHsys + Lx∗t − L†O¯(t, x∗), Oˆ(t, s, x∗)]− L†
δO¯(t, x∗)
δx∗s
, (A.2)
where O¯(t, x∗) = ∫ t0 dsα(t, s)Oˆ(t, s, x∗). In general non-Markovian models, it is very chal-
lenging to determine the O-operator from Eq. (A.2). At the moment, it was still unclear
under what mathematical conditions an exact O-operator can be determined, however it is
known that perturbative O-operators can always be obtained [29]. Moreover, we are able to
find the explicit form of the O-operator for this specific two-qubit model. To the best of our
knowledge, the exact O-operator has been established only in the following cases: one qubit
in a dephasing and dissipative environment [27, 29, 28], one harmonic oscillator in Brown-
ian motion and dissipative environment [27, 29, 45, 46], one harmonic oscillator in Brownian
motion with finite temperature [47], a cavity mode in a dissipative environment with zero
and finite temperature [48], one three-level atom in a dissipative environment [49], multi-level
atomic systems [51], and multiple-qubit system in common dissipative environment [35]. In
this paper, we are able to estimate entanglement dynamics by using the exact O-operators for
the two-qubit models with common non-Markovian dissipative and dephasing environments,
respectively.
Dissipation Model
When L = σA− + κσB− , we can show that the O-operator takes the following form:
Oˆ(t, s, x∗) = a(t, s)σA− + b(t, s)σB− + f(t, s)σAz σB−
+g(t, s)σA−σ
B
z + i
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− , (A.3)
where equations of motion for a(t, s), b(t, s), f(t, s), g(t, s), and p(t, s, s′) can be derived from
Eq. (A.2). Then by definition, O¯(t, x∗) = ∫ t
0
dsα(t, s)Oˆ(t, s, x∗) such that
O¯(t, x∗) = A(t)σA− +B(t)σB− + F (t)σAz σB− +G(t)σA−σBz
+ i
(∫ t
0
ds′P (t, s′)x∗s′
)
σA−σ
B
− , (A.4)
where A(t) ≡ ∫ t
0
dsα(t, s)a(t, s), B(t) ≡ ∫ t
0
dsα(t, s)b(t, s), F (t) ≡ ∫ t
0
dsα(t, s)f(t, s), G(t) ≡∫ t
0
dsα(t, s)g(t, s), and P (t, s′) ≡ ∫ t
0
dsα(t, s)p(t, s, s′).
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We can check that Eq. (A.3) indeed provides a consistent solution to Eq. (A.2). In fact,
by substituting Eq. (A.3) into Eq. (A.2), the left-hand side (LHS) of it expands to
∂Oˆ(t, s, x∗)
∂t
=
∂a(t, s)
∂t
σA− +
∂b(t, s)
∂t
σB− +
∂f(t, s)
∂t
σAz σ
B
− +
∂g(t, s)
∂t
σA−σ
B
z
+ ip(t, s, t)x∗t + i
(∫ t
0
ds′
∂p(t, s, s′)
∂t
x∗s′
)
σA−σ
B
− ,
while the right-hand side (RHS) of Eq. (A.2) is composed of the following commutators:
[−iωA
2
σAz , Oˆ(t, s, x∗)
]
= iωA[a(t, s)σ
A
− + g(t, s)σ
A
−σ
B
z
+ i
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− ],
[−iωB
2
σBz , Oˆ(t, s, x∗)
]
= iωB[b(t, s)σ
B
− + f(t, s)σ
A
z σ
B
−
+ i
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− ],
[Lx∗t , Oˆ(t, s, x∗)] = 2x∗t [f(t, s) + κg(t, s)] ,
−[σA+O¯(t, x∗), Oˆ(t, s, x∗)] = A(t)
[
a(t, s)σA− + g(t, s)σ
A
−σ
B
z
]
+iA(t)
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− −B(t)
[
a(t, s)σAz σ
B
− + g(t, s)σ
B
−
]
+F (t)
[
a(t, s)σAz σ
B
− + g(t, s)σ
B
−
]
+G(t)[a(t, s)σA−σ
B
z + g(t, s)σ
A
−]
+G(t)(b(t, s) + f(t, s))(σB− + σ
A
z σ
B
−) + iG(t)
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− ]
−i
∫ t
0
ds′P (t, s′)x∗s′ [g(t, s)− a(t, s)]σA−σB− ,
−κ[σB+O¯(t, x∗), Oˆ(t, s, x∗)] = −κA(t)[f(t, s)σA− + b(t, s)σA−σBz ]
+κB(t)[b(t, s)σB− + f(t, s)σ
A
z σ
B
− ] + iκB(t)
∫ t
0
ds′p(t, s, s′)x∗s′σ
A
−σ
B
−
+κF (t)[(a(t, s) + g(t, s))(σA− + σ
A
−σ
B
z )] + κF (t)[b(t, s)σ
A
z σ
B
− + f(t, s)σ
B
− ]
+iκF (t)
(∫ t
0
ds′p(t, s, s′)x∗s′
)
σA−σ
B
− + κG(t)[b(t, s)σ
A
−σ
B
z + f(t, s)σ
A
−]
iκ
(∫ t
0
ds′P (t, s′)x∗s′
)
[b(t, s)− f(t, s)]σA−σB− ,
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as well as
−L† δO¯(t, x
∗)
δx∗s
= −(σA+ + κσB+)
δ[i
∫ t
0
ds′P (t, s′)x∗s′ ]
δx∗s
σA−σ
B
−
= −iP (t, s)
[
1
2
(σAz σ
B
− + σ
B
−) +
κ
2
(σA− + σ
A
−σ
B
z )
]
.
By equating the LHS with the RHS, we obtain the following partial differential equations for
the coefficient functions a(t, s), b(t, s), f(t, s), g(t, s) and p(t, s, s′):
∂a(t, s)
∂t
= iωAa(t, s) +A(t)a(t, s) +G(t)g(t, s) + κF (t)[a(t, s) + g(t, s)]
+ κ[G(t)−A(t)]f(t, s) − iκ
2
P (t, s), (A.5)
∂b(t, s)
∂t
= iωBb(t, s) + κB(t)b(t, s) + κF (t)f(t, s)
+ G(t)[b(t, s) + f(t, s)] + [F (t)−B(t)]g(t, s) − i
2
P (t, s), (A.6)
∂f(t, s)
∂t
= iωBf(t, s) + κF (t)b(t, s) + κB(t)f(t, s)
+ G(t)[b(t, s) + f(t, s)] + [F (t)−B(t)]a(t, s)− i
2
P (t, s), (A.7)
∂g(t, s)
∂t
= iωAg(t, s) +G(t)a(t, s) +A(t)g(t, s) + κF (t)[a(t, s) + g(t, s)]
+ κ[G(t)−A(t)]b(t, s) − iκ
2
P (t, s), (A.8)
∂p(t, s, s′)
∂t
= i(ωA + ωB)p(t, s, s
′) + [A(t) +G(t) + κB(t) + κF (t)]p(t, s, s′)
+ P (t, s′)[a(t, s)− g(t, s) + κb(t, s)− κf(t, s)], (A.9)
as well as the boundary condition
p(t, s, t) = −2if(t, s)− 2iκg(t, s). (A.10)
We also deduce the initial conditions a(s, s) = 1, b(s, s) = κ, and f(s, s) = g(s, s) =
p(s, s, s′) = 0 from the fact that Oˆ(s, s, x∗) = L.
Eqs. (A.5-A.9) are the required exact equations that govern the O-operator evolution
and, in principle, allow us to numerically solve the QSD equation. We now consider the bath
correlation function to be an Ornstein-Uhlenbeck process such that α(t, s) = γ2 e
−γ|t−s|, which
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facilitates a set of simpler ordinary differential equations from the above Eqs. (A.5-A.9), as
presented in Eq. (9). For instance, we have
∂A(t)
∂t
=
∂
∂t
∫ t
0
dsα(t, s)a(t, s)
= α(t, t)a(t, t) +
∫ t
0
ds
∂α(t, s)
∂t
a(t, s) +
∫ t
0
dsα(t, s)
∂a(t, s)
dt
=
γ
2
− γ
∫ t
0
dsα(t, s)a(t, s) +
∫ t
0
dsα(t, s)[iωAa(t, s) +A(t)a(t, s)
+ G(t)g(t, s) + κF (t)(a(t, s) + g(t, s)) + κ(G(t)−A(t))f(t, s) − iκ
2
P (t, s)]
=
γ
2
− γA(t) + iωAA(t) +A2(t) +G2(t) + 2κF (t)G(t)− iκ
2
Q(t), (A.11)
where Q(t) ≡ ∫ t0 dsα(t, s)P (t, s). It is noted that the initial condition a(s, s) = 1 has been
used. Applying a similar derivation, we also have
∂B(t)
∂t
=
γκ
2
− γB(t) + iωBB(t) + κB2(t) + κF 2(t)
+ 2G(t)F (t)− i
2
Q(t), (A.12)
∂F (t)
∂t
= −γF (t) + iωBF (t) + 2κB(t)F (t) +B(t)G(t)
+ F (t)G(t) +A(t)F (t) −A(t)B(t) − i
2
Q(t), (A.13)
∂G(t)
∂t
= −γG(t) + iωAG(t) + 2A(t)G(t) + κA(t)F (t)
+ κF (t)G(t) + κB(t)G(t)− κA(t)B(t) − iκ
2
Q(t), (A.14)
and
∂P (t, s′)
∂t
= −γP (t, s′) + i(ωA + ωB)P (t, s′) + [2A(t) + 2κB(t)]P (t, s′). (A.15)
By the boundary condition in Eq. (A.10) and the definitions of P (t, s′), F (t), and G(t), it is
found P (t, t) = −2iF (t)− 2iκG(t) and the solution of Eq. (A.15) is Eq. (10).
To construct a closed group of differential equations for Eqs. (A.11-A.14), we derive the
ordinary differential equation for Q(t) using Eq. (A.15):
∂Q(t)
∂t
=
∂
∂t
∫ t
0
ds′α(t, s′)P (t, s′)
= α(t, t)P (t, t) +
∫ t
0
ds′
∂α(t, s′)
∂t
P (t, s′) +
∫ t
0
ds′α(t, s)
∂P (t, s′)
dt
=
γ
2
[−2iF (t)− 2iκG(t)]− γ
∫ t
0
ds′α(t, s′)P (t, s′)
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+
∫ t
0
ds′α(t, s′)[−γP (t, s′) + i(ωA + ωB)P (t, s′)
+ (2A(t) + 2κB(t))P (t, s′)]
= −iγ[F (t) + κG(t)]− 2γQ(t) + i(ωA + ωB)Q(t)
+ [2A(t) + 2κB(t)]Q(t). (A.16)
By definition, the initial conditions for the coefficients of O¯(t, x∗) are A(0) = B(0) = F (0) =
G(0) = Q(0) = 0.
